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BOUNDS OF THE MULTIPLICITY OF ABELIAN QUOTIENT
COMPLETE INTERSECTION SINGULARITIES
KOHSUKE SHIBATA
Abstract. In this paper, we investigate the multiplicities and the log canon-
ical thresholds of abelian quotient complete intersection singularities in term
of the special datum. Moreover we give bounds of the multiplicity of abelian
quotient complete intersection singularities.
1. Introduction
In [8], Watanabe classified all abelian quotient complete intersection singularities.
Watanabe defined a special datum (see Section 2 for detailed definitions) in order to
classify abelian quotient complete intersection singularities. Using a special datum,
he gave an upper bound of the multiplicity of abelian quotient complete intersection
singularities.
Theorem 1.1. (Proposition 3.1 in [8]) Let G be a finite abelian subgroup of SL(n,C).
If R = C[x1, . . . , xn]G is a complete intersection, then
e(R
m
G) ≤ 2n−1,
where mG = (x1, . . . , xn) ∩ R and e(RmG) is the Hilbert-Samuel multiplicity of the
local ring R
m
G .
The following conjecture was posed by Watanabe as a generalization of Theorem
1.1.
Conjecture 1.2. Let X be an n-dimensional variety of locally a complete inter-
section with canonical singularities. Then
e(OX,x) ≤ 2
n−1
for a closed point x of X.
In [7], this conjecture was refined as follows:
Conjecture 1.3. Let X be an n-dimensional variety of locally a complete inter-
section with log canonical singularities. Then
e(OX,x) ≤ 2
n−⌈lct(mx)⌉
for a closed point x of X and the equality holds if and only if emb(X, x) = 2n −
⌈lct(mx)⌉, where emb(X, x) is the embedding dimension of X at x and lct(mx) is
the log canonical threshold of mx.
In [7], the author gave upper bounds of the multiplicity by functions of the log
canonical threshold for locally a complete intersection singularity. As an applica-
tion, we obtained the affirmative answer to the conjecture if the dimension of a
variety is less than or equal to 32 and the variety has canonical singularities.
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Theorem 1.4. (Theorem 5.6 in [7]) Let X be an n-dimensional variety of locally
a complete intersection with canonical singularities. If n ≤ 32, then Conjecture 1.3
holds. In particular, if n ≤ 32, then Conjecture 1.2 holds.
In this paper, we study the multiplicities and the log canonical thresholds of
abelian quotient complete intersection singularities in term of the special datum.
We give an affirmative answer to Conjecture 1.3 for abelian quotient complete
intersection singularities using Watanabe’s classification.
Theorem 1.5. Let G be a finite abelian subgroup of SL(n,C). If R = C[x1, . . . , xn]G
is a complete intersection, then
e(R
m
G) ≤ 2n−⌈lct(m
G)⌉
and the equality holds if and only if emb(R
m
G) = 2n − ⌈lct(mG)⌉, where mG =
(x1, . . . , xn) ∩R and emb(RmG) is the embedding dimension of the local ring RmG .
Moreover we give a lower bound of the multiplicity of abelian quotient complete
intersection singularities using the special datum and the log canonical threshold.
The paper is organized as follows: In Section 2, we introduce the definition
of a special datum and show some basic properties of abelian quotient complete
intersection singularities in term of the special datum. In Section 3, we prepare
some useful and important propositions. They will play a crucial role in this paper.
In Section 4, we give an upper bound of the multiplicity of abelian quotient complete
intersection singularities. In Section 5, we give a lower bound of the multiplicity of
abelian quotient complete intersection singularities.
2. abelian quotient complete intersection singularities
In this section, we recall the definition of a special datum and study the properties
of abelian quotient complete intersection singularities in term of the special datum.
Definition 2.1. Let n ≥ 1 be an integer. An n-dimensional special datum D =
(D,w) is a pair consisting of a set of non-empty subsets of {1, 2, . . . , n} (i.e. D ⊂
2{1,2,...,n} \ ∅), together with a function w : D → N such that:
(1) For each i ∈ {1, 2, . . . , n} we have {i} ∈ D.
(2) For every pair of J, J ′ ∈ D, either J ⊂ J ′, J ′ ⊂ J or J ∩ J ′ = ∅.
(3) If J is a maximal element with respect to the inclusion relation “⊂”, then
w(J) = 1.
(4) If J, J ′ ∈ D and J ( J ′, then w(J) > w(J ′) and w(J ′)|w(J).
(5) For J1, J2, J ∈ D with J1 ⊏ J, J2 ⊏ J , we have w(J1) = w(J2). (We write
J ⊏ J ′ if J ( J ′ and if there is no element of D between J and J ′.)
Definition 2.2. Let D = (D,w) be an n-dimensional special datum. We define
the ring RD with the maximal ideal mD and the group GD by
RD := C[x
w(J)
J | J ∈ D], where xJ =
∏
j∈J
xj ,
mD := (x
w(J)
J | J ∈ D) and
GD :=
〈
E,
{
(ζw, ζ
−1
w ; i, j)
∣∣∣∣ J1, J2, J ∈ D, i ∈ J1, j ∈ J2, J1 ⊏ J,J2 ⊏ J and w = w(J1) = w(J2)
}〉
.
Here E denotes the identity matrix in SL(n,C) and ζw denotes a primitive w-th
root of unit and (a, b; i, j) denotes the diagonal matrix in SL(n,C) whose (i, i)
component is a and (j, j) component is b and the other diagonal components are 1.
Proposition 2.3. (Proposition 1.7 in [8]) Let D = (D,w) be an n-dimensional
special datum. Then RD = C[x1, . . . , xn]GD and RD is a complete intersection.
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Theorem 2.4. (Main Theorem in [8]) Let G be a finite abelian subgroup of SL(n,C)
and if C[x1, . . . , xn]G is a complete intersection, then there exist an n-dimensional
special datum D and T ∈ GL(n,C) such that
C[x1, . . . , xn]
TGT−1 = RD and TGT
−1 = GD.
Notation 2.5. To illustrate a special datum D, we define the graph of D = (D,w)
as follows;
(1) We represent J ∈ D by a circle and we write the integer w(J) inside it.
(2) If J ⊏ J ′, we join the corresponding circles by a line segment in such a way
that the circle corresponding J ′ lies above that of J .
The following proposition is immediate from Definition 2.2.
Proposition 2.6. Let D = (D,w) be an n-dimensional special datum. Then
emb(RD) = |{J ∈ D}| = n+ |{J ∈ D||J | ≥ 2}|.
Example 2.7. Let D = {{1, . . . , n}, {1}, . . . , {n}} and w be the function from D
to N such that w({1}) = · · · = w({n}) = a, w({1, . . . , n}) = 1. Then D = (D,w) is
a special datum. By the definitions, we have
RD = C[x
a
1 , . . . , x
a
n, x1 · · ·xn],
GD =
〈
(ζa, ζ
−1
a ; 1, 2), . . . , (ζa, ζ
−1
a ; 1, n)
〉
and the graph of D is
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Example 2.8. Let D = {{1, 2}, {3, 4}, {1}, {2}, {3}, {4}} and w be the function
from D to N such that w({1}) = w({2}) = a, w({3}) = w({4}) = b, w({1, 2}) =
w({3, 4}) = 1. Then D = (D,w) is a special datum. By the definitions, we have
RD = C[x
a
1 , x
a
2 , x
b
3, x
b
4, x1x2, x3x4],
GD =
〈
(ζa, ζ
−1
a ; 1, 2), (ζb, ζ
−1
b ; 3, 4)
〉
and the graph of D is
a©
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Definition 2.9. A special datum D = (D,w) is said to be connected if D has the
unique maximal element.
The following lemma is proved in the proof of Proposition 1.7 in [8]
Lemma 2.10. Let D = (D,w) be a special datum and J ∈ D be a maximal element
of D with |J | ≥ 2. Let J1, . . . , Jm be the elements of D such that J = J1 ∪ · · · ∪ Jm
and Ji ⊏ J for i = 1, . . . ,m. Let D
′ = D \ J and w′ : D′ → N be the function such
that
w′(J ′) =
{
w(J ′)/w(Ji) if J
′ ⊂ Ji,
w(J ′) if J ′ * J .
Then D′ = (D′, w′) is a special datum and RD ∼= RD′ [Y ]/(Y w(Ji) − xJ1 · · ·xJm).
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Definition 2.11. Let D = (D,w) be a special datum and J ∈ D be a maximal
element of D with |J | ≥ 2. Let J1, . . . , Jm be the elements of D such that J =
J1 ∪ · · · ∪ Jm and Ji ⊏ J for i = 1, . . . ,m. Then we define the special datum
D \ J = (D \ J, v) by
v(J ′) =
{
w(J ′)/w(Ji) if J
′ ⊂ Ji,
w(J ′) if J ′ * J .
Definition 2.12. Let D = (D,w) be a special datum and J be a element of D. We
define the |J |-dimensional special datum DJ = (DJ , wJ ) by DJ = {J ′ ∈ D|J ′ ⊂ J}
and wJ (J
′) = w(J
′)
w(J) for J
′ ∈ DJ . We call DJ a connected component of D if J is a
maximal element of D.
We denote by e(RD) the Hilbert-Samuel multiplicity of the local ring (RD)mD
and denote by emb(RD) the embedding dimension of the local ring (RD)mD . The
following proposition is immediate from the definition of a connected component of
a special datum.
Proposition 2.13. Let D = (D,w) be a special datum and J1, . . . , Jm be the max-
imal elements of D. Then
(1) RD = RDJ1 ⊗C · · · ⊗C RDJm .
(2) |GD| = |GDJ1 | · · · |GDJm |.
(3) e(RD) = e(RDJ1 ) · · · e(RDJm ).
(4) emb(RD) = emb(RDJ1 ) + · · ·+ emb(RDJm ).
Lemma 2.14. Let D = (D,w) be an n-dimensional connected special datum and
J ∈ D be the maximal element of D. Let a be a natural number and wa : D → N
be the function such that
wa(J ′) =
{
1 if J ′ = J ,
aw(J ′) if J ′ ∈ D \ J .
Then Da = (D,wa) is a special datum with |GDa | = an−1|GD|.
Proof. It is clear that Da is a special datum. We prove |GDa | = an−1|GD| by
induction on the dimension of D = (D,w). If the dimension of RD is 1, then
D = Da and |GD| = |GDa |. Therefore the lemma holds when dimRD = 1. Now
suppose that n ≥ 2 and this lemma holds for any special datum of dimension at
most n− 1.
Let J1, . . . , Jm be the elements of D such that J = J1 ∪ · · · ∪ Jm and Ji ⊏ J for
i = 1, . . . ,m. Let D \ J = (D \J, v), b ∈ N and vb : D \ J → N be the function such
that
vb(J ′) =
{
1 if J ′ = Ji,
bv(J ′) if J ′ ∈ D \ {J, J1, . . . , Jm}.
Let (D \ J)b = (D \ J, vb). Note that (D \ J)1 = D \ J and the dimension of a
connected component of D\J is less than n. Therefore by the induction hypothesis
and Proposition 2.13, (D \ J)b is a special datum with
|G(D\J)b | = b
n−m|GD\J |.
Choose ij ∈ Jj for j = 1, . . . ,m. By the definition of GD, we have
GD =
〈{
(ζw(J1), ζw(J1)−1 ; i1, ij)
∣∣ j = 2, . . . ,m } , G(D\J)w(J1)〉 and
GDa =
〈{
(ζaw(J1), ζaw(J1)−1 ; i1, ij)
∣∣ j = 2, . . . ,m } , G(D\J)aw(J1)〉 .
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Therefore
|GDa | = (aw(J1))
m−1|G(D\J)aw(J1) | = a
n−1w(J1)
m−1|G(D\J)w(J1) | = a
n−1|GD|.

Lemma 2.15. Let n ≥ 2, D = (D,w) be an n-dimensional connected special datum,
J ∈ D be the maximal element of D and J ′ be a maximal element of D \ J . Then
|GD| = w(J
′)n−1|GD\J |.
Proof. Let J1, . . . , Jm be the elements of D such that J = J1 ∪ · · · ∪Jm and Ji ⊏ J
for i = 1, . . . ,m. Note that w(J ′) = w(J1) = · · · = w(Jm). Let vw(J1) : D \ J → N
be the function such that
vw(J1)(J ′) =
{
1 if J ′ = Ji,
w(J1)v(J
′) if J ′ ∈ D \ {J, J1, . . . , Jm}.
Let (D \ J)w(J1) = (D \ J, vw(J1)). By Lemma 2.14, (D \ J)w(J1) is a special datum
with |G(D\J)w(J1) | = w(J1)
n−m|GD\J |. Choose ij ∈ Jj for j = 1, . . . ,m. By the
definition of GD, we have
GD =
〈{
(ζw(J1), ζw(J1)−1 ; i1, ij)
∣∣ j = 2, . . . ,m } , G(D\J)w(J1)〉 .
Therefore
|GD| = w(J1)
m−1|G(D\J)w(J1) | = w(J1)
n−1|GD\J |.

We recall the definitions of singularities of pairs and the log canonical threshold.
Let X be a Q-Gorenstein normal variety over C, a ⊂ OX an ideal sheaf and t ≥ 0
a real number. Let f : Y → X be a resolution of singularities such that the ideal
sheaf aOY = OY (−F ) is invertible and SuppF ∪Exc(f) is a simple normal crossing
divisor, where Exc(f) is the exceptional locus of f . Let KX and KY denote the
canonical divisors ofX and Y , respectively. Then there are finitely many irreducible
(not necessarily exceptional) divisors Ei on Y and real numbers a(Ei;X, a
t) so that
there exists an Q-linear equivalence of R-divisors
KY − f
∗KX − tF =
∑
i
a(Ei;X, a
t)Ei.
Definition 2.16. Under the notation as above:
(1) We say that the pair (X, at) is canonical if a(Ei;X, a
t) ≥ 0 for all excep-
tional Ei.
(2) We say that the pair (X, at) is log canonical if a(Ei;X, a
t) ≥ −1 for all Ei.
(3) Suppose that (X,OX) is log canonical. Then we define the log canonical
threshold of a to be
lct(X, a) = sup{t ∈ R≥0| the pair (X, a
t) is log canonical}.
If there is not risk of confusion, we shall simply write lct(a) instead of
lct(X, a) and lct(R, a) instead of lct(SpecR, a) for a ring R.
(4) We define the multiplier ideal of a with coefficient t to be
J (X, at) = f∗(⌈
∑
i
a(Ei;X, a
t)Ei⌉).
Remark 2.17. For a special datum D, (SpecRD,OSpecRD) is canonical by Propo-
sition 5.20 and Corollary 5.24 in [6].
Definition 2.18. Let a ⊂ C[x1, . . . , xn] be a monomial ideal. The Newton Polygon
Newt(a) of a is defined to be the covex hull of {(a1, . . . , an) ∈ Zn| x
a1
1 · · ·x
an
n ∈ a}
in Rn.
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Howald gave a formula computing the multiplier ideal of a monomial ideal in [4].
Theorem 2.19. (Main Theorem in [4]) Let X = SpecC[x1, . . . , xn] and a ⊂ OX
be a monomial ideal. Then for t ∈ R>0,
J (X, at) = 〈xm| m+ (1, . . . , 1) ∈ interior of tNewt(a)〉,
where tNewt(a) = {ta ∈ Rn| a ∈ Newt(a)}.
The following corollary is an immediate consequence of the definition of a log
canonical threshold and Theorem2.19.
Corollary 2.20. (Example 5 in [4]) Let X = SpecC[x1, . . . , xn] and a ⊂ OX be a
monomial ideal. Then
lct(X, a) = sup{t ∈ R>0| (1, . . . , 1) ∈ tNewt(a)}.
Lemma 2.21. Let D = (D,w) be an n-dimensional special datum. Let aD ⊂
C[x1, . . . , xn] be the ideal generated by x
w(J)
J for J ∈ D. Then
lct(mD) = lct(aD) = sup{t ∈ R>0| (1, . . . , 1) ∈ tNewt(aD)}.
Proof. It follows from Proposition 5.20 in [6] that for t ∈ R>0, the pair (SpecRD,mtD)
is log canonical if and only if the pair (SpecC[x1, . . . , xn], atD) is log canonical. There-
fore lct(mD) = lct(aD). By Corollary 2.20, we have
lct(mD) = lct(aD) = sup{t ∈ R>0| (1, . . . , 1) ∈ tNewt(aD)}.

Proposition 2.22. Let D = (D,w) be an n-dimensional special datum and J1, . . . , Jm
be the maximal elements of D. Then
lct(mD) = lct(mDJ1 ) + · · ·+ lct(mDJm ).
Proof. Let n0 = 0, ni be the dimension of RDJi for i = 1, . . . ,m and Ni = n0+ · · ·+
ni for i = 0, . . . ,m− 1. Then we may assume that Ji = {Ni−1 + 1, . . . , Ni−1 + ni}
for i = 1, . . . ,m. Let aDJi ⊂ C[xNi−1+1, . . . , xNi−1+ni ] be the ideal generated by
x
w(J)
J for J ∈ DJi . By Lemma 2.21,
lct(mD) = lct(aD) = sup{t ∈ R>0| (1, . . . , 1) ∈ tNewt(aD) ⊂ R
n} and
lct(mDJi ) = lct(aDJi ) = sup{t ∈ R>0| (1, . . . , 1) ∈ tNewt(aDJi ) ⊂ R
ni}.
Since aD =
∑
i aDJi
C[x1, . . . , xn], we have lct(aD) = lct(aDJ1 ) + · · · + lct(aDJm ).
Therefore we have lct(mD) = lct(mDJ1 ) + · · ·+ lct(mDJm ).

Proposition 2.23. Let D = (D,w) be an n-dimensional connected special datum,
J ∈ D be the maximal element of D with |J | ≥ 2 and J ′ be a maximal element of
D \ J . Then
lct(mD) = max
{
1,
lct(mD\J)
w(J ′)
}
.
Proof. Let aD ⊂ C[x1, . . . , xn] be the ideal generated by x
w(J)
J for J ∈ D. By
Lemma 2.21, we have
lct(mD) = lct(aD) = sup{t ∈ R>0| (1, . . . , 1) ∈ tNewt(aD)}.
Let D \ J = (D \ J, v) and a = w(J ′). Let aD\J ⊂ C[x1, . . . , xn] be the ideal
generated by x
w(J)
J for J ∈ D \ J and bD\J ⊂ C[x1, . . . , xn] be the ideal generated
by x
v(J)
J for J ∈ D \ J . Then by Corollary 2.20 and Lemma 2.21,
lct(aD\J) = sup{t ∈ R>0| (1, . . . , 1) ∈ tNewt(aD\J)} and
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lct(mD\J) = lct(bD\J) = sup{t ∈ R>0| (1, . . . , 1) ∈ tNewt(bD\J)}.
Since Newt(aD\J) = aNewt(bD\J), we have
lct(mD\J) = lct(bD\J) = alct(aD\J).
Since aD = (x1 · · ·xn) + aD\J , we have
(1, . . . , 1) ∈ Newt(aD) = Newt((x1 · · ·xn) + aD\J).
Therefore we have lct(aD) ≥ 1. If (1, . . . , 1) ∈ tNewt(aD) for t > 1, then (1, . . . , 1) ∈
tNewt(aD\J ). This implies that if lct(mD) = lct(aD) > 1, then
lct(aD) = lct(aD\J ) =
lct(bD\J)
a
=
lct(mD\J)
a
.
Therefore
lct(mD) = max
{
1,
lct(mD\J)
w(J ′)
}
.

Corollary 2.24. Let D = (D,w) be a special datum. Then
lct(mD) ≥ |{J ∈ D| J is a maximal element of D}|.
Proof. This follows immediately from Proposition 2.22 and Proposition 2.23. 
Proposition 2.25. Let D = (D,w) be an n-dimensional connected special datum
and J ∈ D be the maximal element of D with |J | ≥ 2. Let J1, . . . , Jm be the
elements of D such that J = J1 ∪ · · · ∪ Jm and Ji ⊏ J for i = 1, . . . ,m. Then
emb(RD) ≤ 2n− ⌈lct(mDJ1 )⌉ − · · · − ⌈lct(mDJm )⌉+ 1 ≤ 2n− ⌈lct(mD)⌉.
Moreover, the following are equvalent:
(1) emb(RD) = 2n− ⌈lct(mD)⌉.
(2) emb(RDJi ) = 2dimRDJi − ⌈lct(mDJi )⌉ for i = 1, . . . ,m and
⌈lct(mDJ1 )⌉+ · · ·+ ⌈lct(mDJm )⌉ − 1 = ⌈lct(mD)⌉.
Proof. We prove this by induction on the dimension of D = (D,w). Note that if the
dimension of RD is 1, then RD = C[x1], emb(RD) = 1 and lct(mD) = 1 and if the
dimension ofRD is 2, then RD = C[x
w(1)
1 , x
w(2)
2 , x1x2], emb(RD) = 3 and lct(mD) = 1
by Proposition 2.23. Therefore the proposition holds when dimRD = 2. Now
suppose that n ≥ 3 and this proposition holds for any special datum of dimension
at most n− 1.
Let a = w(J1). Note that the dimension of a connected component of D \ J is
less than n and emb(RD) = emb(RD\J ) + 1. By the induction hypothesis
emb(RD) = emb(RD\J) + 1
= emb(RDJ1 ) + · · ·+ emb(RDJm ) + 1
≤ 2n− ⌈lct(mDJ1 )⌉ − · · · − ⌈lct(mDJm )⌉+ 1.
Note that a ≥ 2, m ≥ 2, lct(mD\J) = lct(mDJ1 ) + · · · + lct(mDJm ) by Proposition
2.22 and lct(mD) = max
{
1,
lct(mD\J )
w(J1)
}
by Proposition 2.23.
If lct(mD) = 1, then
⌈lct(mD)⌉ = 1 ≤ ⌈lct(mDJ1 )⌉+ · · ·+ ⌈lct(mDJm )⌉ − 1.
8 KOHSUKE SHIBATA
If lct(mD) =
lct(mD\J)
a , then
⌈lct(mD)⌉ =
⌈ lct(mD\J)
a
⌉
≤
⌈ lct(mDJ1 ) + · · ·+ lct(mDJm )
2
⌉
≤ ⌈lct(mDJ1 )⌉+ · · ·+ ⌈lct(mDJm )⌉ − 1.
Therefore the proposition holds. 
Remark 2.26. Even if a complete intersection singularity (R,m) is not an invariant
ring, the inequality emb(R) ≤ 2n − ⌈lct(m)⌉ holds. See Corollary 4.5 and Lemma
5.1 in [7].
Lemma 2.27. Let D = (D,w) be an n-dimensional connected special datum and
J ∈ D be the maximal element of D with |J | ≥ 2. Let J1, . . . , Jm be the elements
of D such that J = J1 ∪ · · · ∪ Jm and Ji ⊏ J for i = 1, . . . ,m. If
lct(mD) =
lct(mD\J )
w(J1)
and
⌈lct(mDJ1 )⌉+ · · ·+ ⌈lct(mDJm )⌉ − 1 = ⌈lct(mD)⌉,
then w(J1) = 2 and ⌈lct(mD\J )⌉ − ⌈lct(mD)⌉ = 1.
Proof. If ⌈lct(mD)⌉ ≥ 3, then ⌈lct(mD)⌉ < ⌈lct(mDJ1 )⌉ + · · · + ⌈lct(mDJm )⌉ − 1.
Indeed, by Proposition 2.22
⌈lct(mD)⌉ < ⌈2lct(mD)⌉ − 1 ≤ ⌈lct(mD\J )⌉ − 1
≤ ⌈lct(mDJ1 )⌉+ · · ·+ ⌈lct(mDJm )⌉ − 1.
Therefore we have that ⌈lct(mD)⌉ is 1 or 2.
Note that m ≥ 2 and lct(mD) = max
{
1,
lct(mD\J )
w(J1)
}
by Proposition 2.23.
(1) If ⌈lct(mD)⌉ = 1, then m = 2, ⌈lct(mDJ1 )⌉ = ⌈lct(mDJ2 )⌉ = 1. There-
fore lct(mD) = lct(mDJ1 ) = lct(mDJ2 ) = 1. By Proposition 2.22, we
have lct(mD\J ) = 2. Since lct(mD) =
lct(mD\J)
w(J1)
, we have w(J1) = 2 and
⌈lct(mD\J)⌉ − ⌈lct(mD)⌉ = 1.
(2) If ⌈lct(mD)⌉ = 2, then m = 2 or m = 3.
We assume that m = 2. Then we may assume that ⌈lct(mDJ1 )⌉ =
1, ⌈lct(mDJ2 )⌉ = 2. By Proposition 2.22, we have lct(mD\J) ≤ 3. Since
lct(mD) =
lct(mD\J)
w(J1)
, we have w(J1) = 2 and ⌈lct(mD\J)⌉ − ⌈lct(mD)⌉ = 1.
We assume that m = 3. Then ⌈lct(mDJ1 )⌉ = · · · = ⌈lct(mDJ3 )⌉ = 1.
By Proposition 2.22, we have lct(mD\J) = 3. Since lct(mD) =
lct(mD\J)
w(J1)
, we
have w(J1) = 2 and ⌈lct(mD\J)⌉ − ⌈lct(mD)⌉ = 1.
Therefore this lemma holds. 
3. relation between e(RD) and e(RD\J)
In this section, we investigate the relation between e(RD) and e(RD\J).
Proposition 3.1. Let D = (D,w) be an n-dimensional connected special datum
and J ∈ D be the maximal element of D with |J | ≥ 2. Let J1, . . . , Jm be the
elements of D such that J = J1 ∪ · · · ∪ Jm and Ji ⊏ J for i = 1, . . . ,m. Then
e(RD) ≤ w(J1)e(RD\J ).
Moreover, if lct(mD) =
lct(mD\J)
w(J1)
, then
e(RD) = w(J1)e(RD\J ).
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Proof. First we prove that e(RD) ≤ w(J1)e(RD\J ). Let a = w(J1). Note that by
Lemma 2.10,
RD = C[x
w(J′)
J′ |J
′ ∈ D \ J ][xJ ]
∼= C[x
w(J′)
J′ |J
′ ∈ D \ J ][Y ]/(Y a − xaJ1 · · ·x
a
Jm)
∼= RD\J [Y ]/(Y
a − xJ1 · · ·xJm).
Let m = (x
w(J′)
J′ |J
′ ∈ D \J) ⊂ C[xw(J
′)
J′ |J
′ ∈ D \J ] and I be a minimal reduction of
the maximal ideal of C[xw(J
′)
J′ |J
′ ∈ D \ J ]m. Note that I(RD)mD is an mD-primary
ideal of (RD)mD . Then
e(RD) ≤ e(I(RD)mD)
= ℓ
(
(RD)mD/I(RD)mD
)
= ℓ
(
(C[xw(J
′)
J′ |J
′ ∈ D \ J ]m/I)[Y ]/(Y
a − xaJ1 · · ·x
a
Jm)
)
= aℓ(C[xw(J
′)
J′ |J
′ ∈ D \ J ]m/I)
= ae(C[xw(J
′)
J′ |J
′ ∈ D \ J ]m)
= ae(RD\J).
The first equality holds by Proposition 11.1.10 in [5].
Next we prove that if lct(mD) =
lct(mD\J )
w(J1)
, then e(RD) = w(J1)e(RD\J). We
assume that lct(mD) =
lct(mD\J )
w(J1)
. Let ei = (0, · · · , 0,
i
1ˇ, 0, · · · , 0) ∈ Rn. By Lemma
2.21, there exist J ′1, . . . , J
′
k ∈ D \ J and s, t1, . . . , tk ∈ N such that
t1
s
+ · · ·+
tk
s
= lct(mD) ≥ 1 and
t1
s
w(J ′1)eJ′1 + · · ·+
tk
s
w(J ′k)eJ′k = (1, . . . , 1),
where eJ′
i
=
∑
j∈J′
i
ej . Therefore
s ≤ t1 + · · ·+ tk and
(x1 · · ·xn)
s = (x
w(J′1)
J′1
)t1 · · · (x
w(J′k)
J′
k
)tk .
By the definition of the integral closure of ideals, the integral closure of I(RD)mD =
IC[xw(J
′)
J′ |J
′ ∈ D \ J ][xJ ]mD contains xJ = x1 · · ·xn. This implies that the integral
closure of I(RD)mD is the maximal ideal of (RD)mD . Hence I(RD)mD is a minimal
reduction of the maximal ideal of (RD)mD (see for example Corollary 8.3.6 and
Proposition 8.3.7 in [5]). Thus
e(RD) = ℓ
(
(RD)mD/I(RD)mD
)
(see for example Proposition 11.2.2 in [5]). Therefore by the above discussion, we
have e(RD) = w(J1)e(RD\J).

Definition 3.2. Let (R,m) be a Noetherian local ring of dimension n and I1, . . . , In
be m-primary ideals. Let us consider the function H : Zn≥0 → Z≥0 given by
H(r1, . . . , rn) = ℓ(R/I
r1
1 · · · I
rn
n )
for all (r1, . . . , rn) ∈ Zn≥0. Then there exists a polynomial P ∈ Q[x1, . . . , xn] of
degree n such that
H(r1, . . . , rn) = P (r1, . . . , rn),
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for all sufficiently large r1, . . . , rn ∈ Z≥0 and the coefficient of the monomial
x1 · · ·xn in P is an integer. The coefficient of the monomial x1 · · ·xn in P is
called the mixed multiplicity of I1, . . . , In and is denoted by e(I1, . . . , In).
Bivia´-Ausina generalized the notion of mixed multiplicities and defined the in-
variant σR(I1, . . . , In) in [1]. We use this invariant in order to prove Proposition
3.8.
Definition 3.3. Let (R,m) be a Noetherian local ring of dimension n and I1, . . . , In
be ideals of R. Then we define
σR(I1, . . . , In) = maxr∈Z≥0e(I1 +m
r, . . . , In +m
r),
when the number on right-hand side is finite. If the set
{e(I1 +m
r, . . . , In +m
r)| r ∈ Z≥0}
is non-bounded then we set σR(I1, . . . , In) =∞.
Let I1, . . . , Ic be ideals of a Noetherian local ring (R,m) with k = R/m an infinite
field. Let us consider a generating system ai1, . . . , aisi of Ii. Let s = s1+· · ·+sc. We
say that a property holds for sufficiently general elements of I1⊕· · ·⊕Ic if there exists
a non-empty Zariski-open set U in ks such that all elements (g1, . . . , gc) ∈ I1⊕· · ·⊕Ic
satisfy the said property provided that gi =
∑
1≤j≤si
uijaij , i = 1, . . . , c, where
(u11, . . . , u1s1 , . . . , uc1, . . . , ucsc) ∈ U .
Proposition 3.4. (Proposition 2.9 in [1], See Proposition 2.2 in [2]) Let I1, . . . , In
be ideals of an n-dimensional Noetherian local ring (R,m) with R/m an infinite
field. Then σR(I1, . . . , In) < ∞ if and only if there exist elements gi ∈ Ii for
i = 1, . . . , n such that (g1, . . . , gn) is an m-primary ideal. In this case, we have
that σR(I1, . . . , In) = e(g1, . . . , gn) for sufficiently general elements (g1, . . . , gn) ∈
I1 ⊕ · · · ⊕ In, where e(g1, . . . , gn) is the Hilbert-Samuel multiplicity of the ideal of
R generated by g1, . . . , gn.
Lemma 3.5. (Corollary 2.5,Lemma 2.6 in [2]) Let (R,m) be an n-dimensional
Noetherian local ring with R/m an infinite field. Let I1, . . . , In be ideals of R with
σR(I1, . . . , In) <∞. Then
(1) Let J1, . . . , Jn be ideals of R such that Ji ⊂ Ii for all i = 1, . . . , n and
σR(J1, . . . , Jn) <∞. Then
σR(J1, . . . , Jn) ≥ σR(I1, . . . , In).
(2) For all r1, . . . , rn ∈ N,
σR(I
r1
1 , . . . , I
rn
n ) <∞ and σR(I
r1
1 , . . . , I
rn
n ) = r1 · · · rnσR(I1, . . . , In).
Lemma 3.6. Let (R,m) be an n-dimensional Noetherian local ring with R/m an
infinite field. Let I1, . . . , In be ideals of R with σR(I1, . . . , In) <∞. Then
σR(I1, . . . , In) = σR(I1, . . . , In),
where Ii is the integral closure of Ii.
Proof. This lemma follows from e(I1 +m
r, . . . , In +m
r) = e(I1 +m
r, . . . , In +m
r)
for any r (See Theorem 17.4.9 in [5]). 
Lemma 3.7. Let A = C[y1, . . . , yn+c, Y ](y1,...,yn+c,Y ), f1, . . . , fc, f be elements of
the ideal (y1, . . . , yn+c) of A and R = C[y1, . . . , yn+c]/(f1, . . . , fc). Let a be a natural
number and S = R[Y ]/(Y a − f). We assume that R and S are n-dimensional
complete intersection rings. Let n = (y1, . . . , yn+c, Y ) be the maximal ideal of A
and m = (y1, . . . , yn+c, Y ) be the maximal ideal of S(y1,...,yn+c,Y ). Then
e(Sm) = σA((f1), . . . , (fc), (Y
a, f), n, . . . , n).
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Proof. By Proposition 3.4,
σA((f1), . . . , (fc), (Y
a, f), n, . . . , n) = e(f1, . . . , fc, sY
a + tf, h1, . . . , hn)
for sufficiently general elements (sY a + tf, h1, . . . , hn) ∈ (Y a, f)⊕ n⊕ · · · ⊕ n. Fix
such s, t. We may assume that s and t are nonzero. Then
e(f1, . . . , fc, sY
a + tf, h1, . . . , hn) = e(R[Y ]/(sY
a + tf)(y1,...,yn+c,Y ))
for sufficiently general elements (h1, . . . , hn) ∈ n ⊕ · · · ⊕ n since (h1, . . . , hn) is a
minimal reduction of the ideal (y1, . . . , yn+c, Y ) of R[Y ]/(sY
a+tf)(y1,...,yn+c,Y ) (see
for example Theorem 8.6.6 in [5]). Since Sm ∼= R[Y ]/(sY a + tf)(y1,...,yn+c,Y ), we
have
e(Sm) = e(R[Y ]/(sY
a + tf)(y1,...,yn+c,Y ))
= σA((f1), . . . , (fc), (Y
a, f), n, . . . , n).

Proposition 3.8. Let D = (D,w) be an n-dimensional connected special datum
and J ∈ D be the maximal element of D with |J | ≥ 2. Let J1, . . . , Jm be the
elements of D such that J = J1 ∪ · · · ∪ Jm and Ji ⊏ J for i = 1, . . . ,m. If
1 = lct(mD) >
lct(mD\J)
w(J1)
, then
e(RD) ≥ lct(mD\J)e(RD\J ).
Proof. Let a = w(J1) and f1, . . . , fc, f be elements of the ideal (y1, . . . , yn+c) of the
polynomial ring C[y1, . . . , yn+c] such that
RD\J ∼= C[y1, . . . , yn+c]/(f1, . . . , fc) and
RD ∼= C[y1, . . . , yn+c, Y ]/(f1, . . . , fc, Y
a − f).
Note that we can choose such f1, . . . , fc, f by Lemma 2.10. Let D \ J = (D \ J, v)
and ei = (0, · · · , 0,
i
1ˇ, 0, · · · , 0) ∈ Rn. By Lemma 2.21, there exist J ′1, . . . , J
′
k ∈ D\J
and s, t1, . . . , tk, p, q ∈ N such that
(p, q) = 1,
t1
s
+ · · ·+
tk
s
=
lct(mD\J )
a
=
p
q
< 1 and
at1
s
v(J ′1)eJ′1 + · · ·+
atk
s
v(J ′k)eJ′k = (1, . . . , 1),
where eJ′
i
=
∑
j∈J′
i
ej . Let (a, q) = d, a = a
′d and q = q′d. Then we have
sp = t1q · · ·+ tkq and
((x1 · · ·xn)
q′)sp =
(
(x
a′pv(J′1)
J′1
)t1 · · · (x
a′pv(J′k)
J′
k
)tk
)q
.
Let R = C[xa
′pv(J′)
J′ |J
′ ∈ D \ J ][xq
′
J ] and mR = (x
a′pv(J′)
J′ |J
′ ∈ D \ J) + (xq
′
J ) ⊂ R.
Let S = C[xa
′pv(J′)
J′ |J
′ ∈ D \ J ] and mS = (x
a′pv(J′)
J′ |J
′ ∈ D \ J) ⊂ S. Note that
S ∼= RD\J and
R ∼= S[Y ]/(Y a
′p − (xa
′p
J1
· · ·xa
′p
Jm
)q
′
) ∼= RD\J [Y ]/(Y
a′p − (xJ1 · · ·xJm)
q′).
Let I be a minimal reduction of the maximal ideal of the local ring SmS . Since
((x1 · · ·xn)q
′
)sp =
(
(x
a′pv(J′1)
J′1
)t1 · · · (x
a′pv(J′k)
J′
k
)tk
)q
, the integral closure of IRmR
contains xq
′
J = (x1 · · ·xn)
q′ . This implies that the integral closure of IRmR is
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the maximal ideal of RmR . Hence IRmR is a minimal reduction of the maximal
ideal of RmR . Thus
e(RmR) = ℓ(RmR/IRmR)
= ℓ
(
(SmS/I)[Y ]/(Y
a′p − (xa
′p
J1
· · ·xa
′p
Jm
)q
′
)
)
= a′pℓ(SmS/I)
= a′pe(RD\J)
Let A = C[y1, . . . , yn+c, Y ](y1,...,yn+c,Y ) and n be the maximal ideal of A. By Lemma
3.5, Lemma 3.6 and Lemma 3.7,
e(RD) = σA((f1), . . . , (fc), (Y
a, f), n, . . . , n)
=
1
q′
σA((f1), . . . , (fc), (Y
a, f)q
′
, n, . . . , n)
=
1
q′
σA((f1), . . . , (fc), (Y
aq′ , f q
′
), n, . . . , n)
≥
1
q′
σA((f1), . . . , (fc), (Y
a′p, f q
′
), n, . . . , n)
=
1
q′
e
(
C[y1, . . . , yn+c, Y ]/(f1, . . . , fc, Y
a′p − f q
′
)(y1,...,yn+c,Y )
)
=
1
q′
e(RmR)
=
a′p
q′
e(RD\J)
= lct(mD\J)e(RD\J ).
The third equality holds since the integral closure of (Y a, f)q
′
is equal to the integral
closure of (Y aq
′
, f q
′
). 
4. Upper bound of the multiplicity
In this section, we give an upper bound of the multiplicity of abelian quotient
complete intersection singularities.
Definition 4.1. Let D = (D,w) be a special datum and J ∈ D with |J | ≥ 2. We
define an invariant δ(J) by
δ(J) := |{J ′ ∈ D|J ′ ⊏ J}|.
We define an invariant m(D) by
m(D) :=
∏
J∈D,|J|≥2
δ(J).
Theorem 4.2. (See proof of Proposition 3.1 in [8]) Let D = (D,w) be an n-
dimensional special datum. Then
e(RD) ≤ m(D) ≤ 2
n−1.
Corollary 4.3. Let D = (D,w) be an n-dimensional special datum. Then
e(RD) ≤ 2
n−1
and the equality holds if and only if emb(RD) = 2n− 1.
Proof. The inequality follows from Theorem 4.2.
If emb(RD) = 2n − 1, then e(RD) ≥ 2n−1 (See Example 12.4.9 in [3]). By
Theorem 4.2, we have e(RD) = 2
n−1.
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We assume that e(RD) = 2
n−1. By Theorem 4.2, we have m(D) = 2n−1. Note
that ∑
J∈D,|J|≥2
(δ(J) − 1) = n− 1
(See proof of Proposition 3.1 in [8]). Therefore
2n−1 = m(D) =
∏
J∈D,|J|≥2
δ(J) ≤ 2
∑
J∈D,|J|≥2(δ(J)−1) = 2n−1.
This implies that |{J ∈ D||J | ≥ 2}| = n− 1 and δ(J) = 2 for J ∈ D with |J | ≥ 2.
By Proposition 2.6, we have emb(RD) = 2n− 1. 
In order to prove Theorem 4.5, we need the following inequality.
Lemma 4.4. If a ∈ N, b ∈ R and 2 ≤ a ≤ b, then a ≤ 2⌈b⌉−⌈
b
a
⌉ and the equality
holds if and only if a = 2 and ⌈b⌉ − ⌈ ba⌉ = 1.
Proof. Since a− 1 ≤ ⌊ ba⌋(a− 1) ≤ ⌈b⌉ − ⌈
b
a⌉, we have a ≤ 2
a−1 ≤ 2⌈b⌉−⌈
b
a
⌉. By the
above inequalities, a = 2⌈b⌉−⌈
b
a
⌉ if and only if a = 2 and ⌈b⌉ − ⌈ ba⌉ = 1. 
Theorem 4.5. Let D = (D,w) be an n-dimensional special datum. Then
e(RD) ≤ 2
n−⌈lct(mD)⌉
and the equality holds if and only if emb(RD) = 2n− ⌈lct(mD)⌉.
Proof. We prove this by induction on the dimension of D = (D,w). If the dimension
of RD is 1, then e(RD) = 1 and lct(mD) = 1. Therefore the theorem holds when
dimRD = 1. Now suppose that n ≥ 2 and the theorem holds for any special datum
of dimension at most n− 1.
We assume that D is not connected. Note that the dimension of a connected
component of D is less than n. Let J1, . . . , Jm be the maximal elements of D
and ni = dimRDJi . Then we have e(RD) = e(RDJ1 ) · · · e(RDJm ), emb(RD) =
emb(RDJ1 )+ · · ·+emb(RDJm ) and lct(mD) = lct(mDJ1 )+ · · ·+lct(mDJm ) by Propo-
sition 2.13 and Proposition 2.22. By hypothesis, we have for i = 1, . . . ,m
e(RDJi ) ≤ 2
ni−⌈lct(mDJi
)⌉
and the equality holds if and only if emb(RDJi ) = 2ni − ⌈lct(mDJi )⌉. Therefore
e(RD) = e(RDJ1 ) · · · e(RDJm )
≤ 2
n1−⌈lct(mDJ1
)⌉
· · · 2nm−⌈lct(mDJm )⌉
≤ 2n−⌈lct(mD)⌉.
Note that
emb(RD) ≤ 2n− ⌈lct(mDJ1 )⌉ · · · − ⌈lct(mDJm )⌉ ≤ 2n− ⌈lct(mD)⌉
by Proposition 2.25. The equality e(RD) = 2
n−⌈lct(mD)⌉ holds if and only if emb(RDJi ) =
2ni − ⌈lct(mDJi )⌉ for i = 1, . . . ,m and ⌈lct(mDJ1 )⌉+ · · ·+ ⌈lct(mDJm )⌉ = ⌈lct(mD)⌉
if and only if emb(RD) = 2n− ⌈lct(mD)⌉. Therefore the theorem holds if D is not
connected.
We assume that D = (D,w) is connected. Let J be the maximal element of D
and J1, . . . , Jm be the elements of D such that J = J1 ∪ · · · ∪ Jm and Ji ⊏ J for
i = 1, . . . ,m. Let a = w(J1) and ni = dimRDJi . Note that w(J1) = · · · = w(Jm)
by the definition of a special datum and the dimension of a connected component
of D \ J is less than n.
If lct(mD) =
lct(mD\J)
a , then by Proposition 3.1
e(RD) = ae(RD\J).
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Therefore by hypothesis, Proposition 2.13 and Lemma 4.4, we have
e(RD) = ae(RD\J)
= ae(RDJ1 ) · · · e(RDJm )
≤ a2
n1−⌈lct(mDJ1
)⌉
· · · 2nm−⌈lct(mDJm )⌉
≤ a2n−⌈lct(mD\J)⌉
≤ 2n−⌈lct(mD)⌉
By Proposition 2.25, Lemma 2.27 and Lemma 4.4, the equality e(RD) = 2
n−⌈lct(mD)⌉
holds if and only if
emb(RDJi ) = 2ni − ⌈lct(mDJi )⌉ for i = 1, . . . ,m,
⌈lct(mDJ1 )⌉+ · · ·+ ⌈lct(mDJm )⌉ = ⌈lct(mD\J )⌉,
a = 2 and ⌈lct(mD\J )⌉ − ⌈lct(mD)⌉ = 1
if and only if emb(RD) = 2n − ⌈lct(mD)⌉. Therefore the theorem holds if D is
connected and lct(mD) =
lct(mD\J )
a .
If 1 = lct(mD) >
lct(mD\J)
a , then by Corollary 4.3, we have e(RD) ≤ 2
n−1 and the
equality holds if and only if emb(RD) = 2n− 1. Therefore the theorem holds if D
is connected and lct(mD) = 1. 
Theorem 1.5 follows from Theorem 2.4 and Theorem 4.5.
5. Lower bound of the multiplicity
In this section, we give a lower bound of the multiplicity of abelian quotient
complete intersection singularities.
Definition 5.1. Let D = (D,w) be an n-dimensional connected special datum and
J ∈ D be the maximal element of D. Then we define
α(D) =
{
min{lct(mD\J ), w(J
′)} (if n ≥ 2 and J ′ ⊏ J)
1 (if n = 1)
and
β(D) =
{
w(J ′) (if n ≥ 2 and J ′ ⊏ J)
1 (if n = 1)
.
Proposition 5.2. Let D = (D,w) be an n-dimensional special datum. If RD is a
hypersurface (i.e. emb(RD) = dimRD + 1), then
e(RD) =
∏
J∈D
α(DJ ).
Proof. Let J1, . . . , Jm be the maximal elements of D. By Proposition 2.6 and
Proposition 2.13, we may assume that emb(RDJ1 ) = dimRDJ1 +1 and dimRDJi = 1
for i ≥ 2. Let J ′ be a element of D with J ′ ⊏ J1, n1 = dimRDJ1 and a = w(J
′).
Then
RDJ1
∼= C[x1, . . . , xn1+1]/(x
a
n1+1 − x1 · · ·xn1)
by Lemma 2.10. Therefore we have e(RD1) = min{a, n1}. Thus e(RD) = min{a, n1}
by Proposition 2.13.
On the other hand, by Proposition 2.22, we have lct(mDJ1\J1) = n1. Note that
|J | = 1 for any element J of D with J 6= J1. Hence∏
J∈D
α(DJ ) = α(DJ1) = min{a, n1}.
Therefore e(RD) =
∏
J∈D α(DJ ). 
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Proposition 5.3. Let D = (D,w) be an n-dimensional special datum. Then
e(RD) ≥
∏
J∈D
α(DJ )
and the equality e(RD) =
∏
J∈D α(DJ ) holds if α(DJ ) = β(DJ ) for every J ∈ D.
Proof. We will prove this by induction on the dimension of D = (D,w). If the
dimension of RD is 1, then e(RD) = α(D) = β(D) = 1. Therefore the proposition
holds when dimRD = 1. Now suppose that n ≥ 2 and the proposition holds for any
special datum of dimension at most n− 1.
We assume that D is not connected. Let J1, . . . , Jm be the maximal elements of
D and ni = dimRDJi . Then we have e(RD) = e(RDJ1 ) · · · e(RDJm ) by Proposition
2.13. By hypothesis, we have
e(RD) = e(RDJ1 ) · · · e(RDJm ) ≥
∏
J∈DJ1
α(DJ ) · · ·
∏
J∈DJm
α(DJ ) =
∏
J∈D
α(DJ ).
Therefore the inequality holds if D is not connected. We assume that α(DJ ) =
β(DJ ) for every J ∈ D. Then by hypothesis, we have
e(RD) = e(RDJ1 ) · · · e(RDJm ) =
∏
J∈DJ1
α(DJ ) · · ·
∏
J∈DJm
α(DJ ) =
∏
J∈D
α(DJ ).
Therefore the proposition holds if D is not connected.
We assume that D is connected. Let J be the maximal element of D and
J1, . . . , Jm be the elements of D such that J = J1 ∪ · · · ∪ Jm and Ji ⊏ J for
i = 1, . . . ,m. Then we have e(RD\J) = e(RDJ1 ) · · · e(RDJm ) by Proposition 2.13.
Then by Proposition 3.1 and Proposition 3.8, we have
e(RD) ≥ α(D)
∏
1≤i≤m
e(RDJ1 ) · · · e(RDJm ).
Note that D = DJ . By hypothesis, we have
e(RD) ≥ α(D)
∏
1≤i≤m
e(RDJ1 ) · · · e(RDJm )
≥ α(D)
∏
K∈DJ1
α(DK) · · ·
∏
K∈DJm
α(DK) =
∏
K∈D
α(DK).
Therefore the inequality holds if D is connected. We assume that α(DK) = β(DK)
for every K ∈ D. Then since lct(mD\J) ≥ w(J1), we have lct(mD) =
lct(mD\J)
w(J1)
by
Proposition 2.23. By hypothesis and Proposition 3.1,
e(RD) = α(D)
∏
1≤i≤m
e(RDJ1 ) · · · e(RDJm )
= α(D)
∏
K∈DJ1
α(DK) · · ·
∏
K∈DJm
α(DK) =
∏
K∈D
α(DK).
Therefore the proposition holds if D is connected. 
In order to prove Proposition 5.5, we need the following inequality.
Lemma 5.4. For positive real numbers x1, . . . , xn, c1, . . . , cn ∈ R>0,(x1
c1
)x1
· · ·
(xn
cn
)xn
≥
(x1 + · · ·+ xn
c1 + · · ·+ cn
)x1+···+xn
.
Moreover, the equality holds if and only if x1c1 = · · · =
xn
cn
.
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Proof. Since the logarithm function f(x) = logx is concave on its domain (0,∞),
we have
x1
x1 + · · ·+ xn
log
c1
x1
+ · · ·+
xn
x1 + · · ·+ xn
log
cn
xn
≤ log
c1 + · · ·+ cn
x1 + · · ·+ xn
and the equality holds if and only if x1c1 = · · · =
xn
cn
. This implies that( c1
x1
)x1
· · ·
( cn
xn
)xn
≤
( c1 + · · ·+ cn
x1 + · · ·+ xn
)x1+···+xn
and the equality holds if and only if x1c1 = · · · =
xn
cn
. 
Proposition 5.5. Let D = (D,w) be an n-dimensional special datum. Let aD ⊂
C[x1, . . . , xn] be the ideal generated by x
w(J)
J for J ∈ D. Then∏
J∈D
α(DJ ) ≥
1
|GD|
(
n
lct(mD)
)n
and the equality
∏
J∈D α(DJ ) =
1
|GD|
(
n
lct(mD)
)n
holds if and only if there is a positive
integer q such that the integral closure aD of aD is equal to (x1, . . . , xn)
q. Moreover,
in this case
q =
n
lct(mD)
= w({1}) = · · · = w({n})
and α(DJ ) = β(DJ ) for every J ∈ D.
Proof. We will prove this by induction on the dimension of D = (D,w). If the
dimension of RD is 1, then |GD| = 1, lct(mD) = 1, α(D) = β(D) = 1, w({1}) = 1
and aD = x1. Therefore the proposition holds when dimRD = 1. Now suppose that
n ≥ 2 and the proposition holds for any special datum of dimension at most n− 1.
We assume that D is not connected. Let J1, . . . , Jm be the maximal elements
of D and ni = dimRDJi . Then we have e(RD) = e(RDJ1 ) · · · e(RDJm ), |GD| =
|GDJ1 | · · · |GDJm | and lct(mD) = lct(mDJ1 ) + · · · + lct(mDJm ) by Proposition 2.13
and Proposition 2.22. By hypothesis and Lemma 5.4, we have∏
J∈D
α(DJ ) =
∏
J∈DJ1
α(DJ ) · · ·
∏
J∈DJm
α(DJ )
≥
1
|GDJ1 |
(
n1
lct(mDJ1 )
)n1
· · ·
1
|GDJm |
(
nm
lct(mDJm )
)nm
≥
1
|GD|
(
n
lct(mD)
)n
.
Therefore the inequality holds if D is not connected.
Let n0 = 0 and Ni = n0+ · · ·+ni for i = 0, . . . ,m−1. Then we may assume that
Ji = {Ni−1+1, . . . , Ni−1+ni} for i = 1, . . . ,m. Let aDJi ⊂ C[xNi−1+1, . . . , xNi−1+ni ]
be the ideal generated by x
w(J)
J for J ∈ DJi.
We assume that ∏
J∈D
α(DJ ) =
1
|GD|
(
n
lct(mD)
)n
.
Then we have for i = 1, . . . ,m∏
J∈DJi
α(DJ ) =
1
|GDJi |
(
ni
lct(mDJi )
)ni
,
n1
lct(mDJ1 )
= · · · =
nm
lct(mDJm )
since the above two inequalities are equalities. By hypothesis, we have for i =
1, . . . ,m, aDi = (xNi−1+1, . . . , xNi−1+ni)
w({Ni−1+1}),
ni
lct(mDJi )
= w({Ni−1 + 1}) = · · · = w({Ni−1 + ni})
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and α(DJ ) = β(DJ ) for every J ∈ DJi . Therefore we have aD = (x1, . . . , xn)
w({1}),
n
lct(mD)
= w({1}) = · · · = w({n})
and α(DJ ) = β(DJ ) for every J ∈ D.
We assume that there is a positive integer q such that aD = (x1, . . . , xn)
q. Then
we have aDJi = (xNi−1+1, . . . , xNi−1+ni)
q. By hypothesis, we have
∏
J∈DJi
α(DJ ) =
1
|GDJi |
(
ni
lct(mDJi )
)ni
and
q =
ni
lct(mDJi )
= w({Ni−1 + 1}) = · · · = w({Ni−1 + ni})
for i = 1, . . . ,m. By Lemma 5.4, we have
∏
J∈D
α(DJ ) =
1
|GD|
(
n
lct(mD)
)n
.
Therefore the proposition holds if D is not connected.
We assume that D is connected. Let J be the maximal element of D, J1, . . . , Jm
be the elements of D such that J = J1 ∪ · · · ∪ Jm and Ji ⊏ J for i = 1, . . . ,m. Let
a = w(J1).
If lct(mD) =
lct(mD\J)
a , then α(D) = a. By hypothesis, Lemma 2.15, Proposition
2.22 and Lemma 5.4, we have∏
K∈D
α(DK) = a
∏
K∈DJ1
α(DK) · · ·
∏
K∈DJm
α(DK)
≥ a
1
|GDJ1 |
(
n1
lct(mDJ1 )
)n1
· · ·
1
|GDJm |
(
nm
lct(mDJm )
)nm
≥
a
|GD\J |
(
n
lct(mD\J)
)n
=
1
|GD|
(
n
lct(mD)
)n
.
If 1 = lct(mD) >
lct(mD\J)
a , then α(D) = lct(mD\J ). By hypothesis, Lemma 2.15,
Proposition 2.22 and Lemma 5.4, we have∏
K∈D
α(DJ ) = lct(mD\J )
∏
K∈DJ1
α(DK) · · ·
∏
K∈DJm
α(DK)
≥ lct(mD\J )
1
|GDJ1 |
(
n1
lct(mDJ1 )
)n1
· · ·
1
|GDJm |
(
nm
lct(mDJm )
)nm
≥
lct(mD\J )
|GD\J |
(
n
lct(mD\J )
)n
>
1
|GD|
(
n
lct(mD)
)n
.
Therefore the inequality holds if D is connected.
Let n0 = 0, Ni = n0 + · · · + ni for i = 0, . . . ,m − 1 and D \ J = (D \ J, v).
Then we may assume that Ji = {Ni−1 + 1, . . . , Ni−1 + ni} for i = 1, . . . ,m. Let
aDJi
⊂ C[xNi−1+1, . . . , xNi−1+ni ] be the ideal generated by x
v(K)
K for K ∈ DJi . Note
that v(K) = w(K)a .
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We assume that ∏
K∈D
α(DK) =
1
|GD|
(
n
lct(mD)
)n
.
Then we have for i = 1, . . . ,m
lct(mD) =
lct(mD\J )
a
,
∏
K∈DJi
α(DK) =
1
|GDJi |
(
ni
lct(mDJi )
)ni
,
n1
lct(mDJ1 )
= · · · =
nm
lct(mDJm )
by the above discussion. By hypothesis, we have for i = 1, . . . ,m,
aDi = (xNi−1+1, . . . , xNi−1+ni)
w({Ni−1+1})/a,
ni
lct(mDJi )
=
w({Ni−1 + 1})
a
= · · · =
w({Ni−1 + ni})
a
and α(DK) = β(DK) for everyK ∈ DJi . Therefore we have aD = (x1, . . . , xn)
w({1}),
n
lct(mD)
= w({1}) = · · · = w({n})
and α(DK) = β(DK) for every K ∈ D.
We assume that there is a positive integer q such that aD = (x1, . . . , xn)
q. Since
aD is a monomial ideal,
aD = {x
m1
1 · · ·x
mn
n | (m1, . . . ,mn) ∈ Newt(aD) ∩ Z
n}
(see for example Proposition 1.4.6 in [5]). Therefore we have q = w({1}) = · · · =
w({n}). We have aDJi = (xNi−1+1, . . . , xNi−1+ni)
q/a since aD = (x1, . . . , xn)
q. By
Lemma 2.21, lct(mD) =
n
q and lct(mDJi ) =
nia
q . These imply that
lct(mD) =
lct(mD\J)
a
and
n1
lct(mDJ1 )
= · · · =
nm
lct(mDJm )
.
Therefore we have α(D) = a as lct(mD) ≥ 1. By hypothesis, we have∏
K∈DJi
α(DK) =
1
|GDJi |
(
ni
lct(mDJi )
)ni
for i = 1, . . . ,m. By Lemma 2.15 and Lemma 5.4, we have
∏
K∈D
α(DK) =
1
|GD|
(
n
lct(mD)
)n
.
Therefore the proposition holds if D is connected.

Theorem 5.6. Let D = (D,w) be an n-dimensional special datum. Let aD ⊂
C[x1, . . . , xn] be the ideal generated by x
w(J)
J for J ∈ D. Then
e(RD) ≥
∏
J∈D
α(DJ ) ≥
1
|GD|
(
n
lct(mD)
)n
.
Moreover,
(1) the equality e(RD) =
∏
J∈D α(DJ ) holds if α(DJ ) = β(DJ ) for every J ∈ D.
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(2) The equality
∏
J∈D α(DJ ) =
1
|GD|
(
n
lct(mD)
)n
holds if and only if there is
a positive integer q such that the integral closure aD of aD is equal to
(x1, . . . , xn)
q. Furthermore, in this case
e(RD) =
∏
J∈D
α(DJ ), α(DJ ) = β(DJ ) for every J ∈ D and
q =
n
lct(mD)
= w({1}) = · · · = w({n}).
Proof. This theorem follows from Proposition 5.3 and Proposition 5.5 
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